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SINGULAR FIBERS OF THE BENDING FLOWS ON THE 
MODULI SPACE OF 3D POLYGONS 

DAMIEN BOULOC 


Abstract. In this paper, we prove that in the system of bending flows on 
the moduli space of polygons with fixed side lengths introduced by Kapovich 
and Millson, the singular fibers are isotropic homogeneous submanifolds. 
The proof covers the case where the system is defined by any maximal family 
of disjoint diagonals. We also take in account the case where the fixed side 
lengths are not generic. In this case, the phase space is an orbispace, and 
our result holds in the sense that singular fibers are isotropic orbispaces. 
In a last part we provide leads in favor of a similar study of the integrable 
systems defined by Nohara and Ueda on the Grassmannian of 2-planes in 
C”. 
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1. Introduction 

In the theory of integrable Hamiltonian systems, singular hbers of the asso¬ 
ciated Lagrangian hbrations play a very important role. Indeed, according to 
the classical Liouville-Mineur theorem, each connected component of a com¬ 
pact regular level set of the momentum map is an invariant Lagrangian torus, 
called a Liouville torus, on which the system is quasi-periodic. Moreover, near 
each Liouville torus there exists a system of action-angle variables in which 
the foliation by Liouville tori is trivial. But the geometry near singular hbers 
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is not SO simple in general, and yet it has to be studied in order to under¬ 
stand the local and global geometrical structure of the system. Of particular 
importance are the nondegenerate singular hbers (those which satisfy some 
natural nondegeneracy conditions), because most singularities of well-known 
integrable Hamiltonian systems are of this kind. According to a result of Zung 
mi, there is a topological description of nondegenerate singularities in terms of 
almost direct products of simplest (corank 1 elliptic, corank 1 hyperbolic and 
corank 2 focus-focus) singularities. Those singularities have been extensively 
studied, see e.g. [2l H [31 [fe]. 

On the other hand, degenerate singularities of integrable Hamiltonian sys¬ 
tems can be much more complicated. In particular, degenerate singular hbers 
are not immersed submanifolds in general. However, there is a particular class 
of integrable Hamiltonian systems whose singular hbers, even the degenerate 
ones, still look very nice: they are all isotropic homogeneous submanifolds 
(or more generally isotropic orbispaces when the phase space itself is a sym- 
plectic orbispace). This class of singularities, that might be called spherical 
singularities, is closely related to the so called toric degenerations in algebraic 
geometry (see e.g. mm)- The classical Gel’fand-Cetlin system introduced by 
Guillemin and Sternberg [8] is an example of integrable systems in this class. 
The proof that its singularities are spherical has been made by Alamidinne [T] 
for the Gel’fand-Getlin system on su(3), and then by Miranda and Zung (TB] 
for the case of su(n). 

In this paper, we study another family of integrable Hamiltonian systems 
with spherical singularities: the so called bending flows introduced by Kapovich 
and Millson na on the moduli space Air oi 3D polygons with hxed side lengths 
r = (ri,... ,r„), which happens to be a manifold when r is generic. These 
moduli spaces of polygons and their bending systems have been studied from 
various points of views afterwards [3 Enm [El ESI [m. Our results here con¬ 
cern their singular hbers and state that the systems of bending hows on Air 
are indeed examples of systems with spherical singularities: 

Theorem A. For r generic, the singular fibers of any system of bending flows 
on Air are isotropic homogeneous submanifolds of the moduli space Air- 

Also, we do not limit ourselves to the case when the side lengths are generic. 
When those lengths are chosen in such a way that the conhguration space fails 
to be a manifold, it is still possible to work in the category of orbispaces. 
Using the concepts of tangent space, vector helds and symplectic structure on 
an orbispace (see e.g. [zmaEn]), we extend the dehnition of the considered 
Hamiltonian systems to the non-generic case. 

Proposition B. When r is not generic, the moduli space Air is a symplectic 
orbispace, and the systems of bending flows still make sense. 
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The proof of Theorem [A] in this paper actually includes the non-generic case, 
leading to the following more general result: 

Theorem C. Let r = (ri,...,r„) be any n-tuple of positive numbers. The 
singular fibers of systems of bending flows carry the same structure (manifold 
or orbispace) as the moduli space Mr- Moreover, the symplectic structure 
defined on A4r vanishes on those singular fibers. 

The organization of this paper is as follows. In ^ we recall the dehnition of 
the Hamiltonian system associated to a maximal family of disjoint diagonals on 
the conhguration space of 3D polygons with hxed side lengths, and we describe 
its singularities. In we give more details about how these dehnitions extend 
to the non-generic case when one uses the notion of symplectic orbispace. 
In we show that the lifts of singular hbers in the space of polygons are 
manifolds. This allows us to prove that, after projection to the moduli space 
of polygons, a singular fiber belongs to the same category as the moduli space 
containing it (i.e. manifolds or orbispaces). After that, we prove in that 
the singular hbers are isotropic. Finally in we describe how the systems 
of bending hows on relate to integrable systems on the Grassmannian 
Gr(2, n) dehned by Nohara and Ueda [I^ and to the Gel’fand-Getlin system on 
Uin). In particular we provide some arguments suggesting that the techniques 
employed in this paper would also apply to the integrable systems on Gr(2, n). 

Acknowledgements. The author would like to thank his advisor Nguyen 
Tien Zung for suggesting the study of the singularities of the bending hows, 
and for his guidance and helpful discussions. The author is also thankful to the 
anonymous referee for useful comments and valuable questions which improved 
the quality of the paper. 

2. Geometry of polygons in Euclidean space 

2.1. Notations. In this section, we recall some results on the conhguration 
space of polygons in the Euclidean space established by Kapovich and 
Millson in [IT] and by Hausmann and Knutson in [TT] . 

Fix n > 4 and a n-tuple of positive numbers r = (ri,..., rfl). Denote by ||.|| 
the usual Euclidean norm on and let 3“^ be the unit sphere for this norm. 
A polygon in with side lengths r is given by its vertices (pi, ... ,p„) in 
satisfying the length condition 

VI < i < n, ||pi+i - Pill = Vi 

(with the convention Pn+i = Pi)- Up to translations in such a polygon is 
actually uniquely determined by the directions 

i ^ Pi+l - Pi o2 
\\pi+i -PiW 
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of its edges. That is why the set of n-gons in Euclidean space whose edges 
have lengths ri,..., will be identihed with the manifold 

Mr = {w = (u ^,..., «"■) G I riu^ + ■ ■ ■ + = O} . 

Here we will be interested in those polygons up to isometric transformations. 
We denote by Mr the quotient space of Mr by the diagonal action of SO(3). 
Dehne a symplectic form ca on the Cartesian product (S^)^ by 

n 

u = 

i=l 

where Ui is the pull-back by the f-th projection of the canonical S'0(3)- 
invariant area form on the sphere 3“^. Then the diagonal action of S'0(3) 
on is Hamiltonian with respect to this form u, and the associated mo¬ 

mentum map is 

/i(M\ . . . , U^) = riU^ TnU^ 

(here we have implicitly identihed 5o(3)* with via the usual mapping 
M G I--)- adu = u X ■ G 50 (3), and the isomorphism (M^)* ~ given 
by the canonical Euclidean structure). The set of 3D polygons with lengths 
(ri,... ,r„) is exactly the zero level-set of this momentum map. 

Suppose r = (ri,..., r„) is generic, that is to say there is no (si,..., G 
{il}"" such that 

n 

SiTi = 0. 

i=l 

Then the action of S'0(3) on /i“^(0) = Mr is free, hence the quotient space 
Mr has a natural manifold structure. Denote by T^Mr the tangent space at 
u G Mr to the space of polygons in Euclidean space. It is the set of n-tuples 
X = (X^,... ,M) G (M^)” satisfying {u\X) = 0 for all 1 < f < n, and the 
inhnitesimal closing condition 

n 

= 0. 

i=l 

Because the group SO{3) is compact, the orbit 0{u) of the S'0(3)-action 
passing through an element u G is a closed submanifold of Mr- Its 
tangent space TuO{u) is the set of all n-tuples 

(x X ..., a; X n”) 

with a; G where x stands for the vector cross product. The pairing 
{X,Y) = dehnes a Riemannian metric on Mr, and then in¬ 

duces a canonical splitting 

Tr,Mr=Tr,0{u)®T^°^Mr. 
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We then have a natural identihcation T\^u]M.r — between the tangent 

space to the conhguration space Mr at [u] and the horizontal component of 
this splitting. 

For 1 < i,j <n such that i ^ j, denote by 

, . I TjU* + Tj I + ■ ■ ■ + if i < j, 

= \ .X ^ . 

the vector going from the i-th vertex to the j-th vertex of the polygon u & Mr- 
\i \i — j\ = 1, then is a side of the polygon u, else it is a diagonal of 

u. Its length depends only on the conhguration [u] of the polygon, so the 
differentiable map fij : Mr —t M given by 

AiN = ^ IlhM'Nf 

induces a well-dehned map fij ; —)■ M. 

Most dehnitions and results in this section are adapted without new ideas 
from [13], where the authors mainly work with the caterpillar configuration 
where all the diagonals emanate from the hrst vertex of the polygon (i = 1 in 
our dehnition). 

Proposition 2.1 (Kapovich, Millson [HI Lemma 3.5]). For all 1 < i < j < n, 
the vector field 

Xi,j{u) = (0,..., 0, xu\..., p-i,j{u) X 0,..., 0) 

satisfies dfij = In particular, its image Xij in {Mr,oj) is the 

Hamiltonian vector field associated to fij. 

Proof Let = (F^ ..., F”) G Tr,Mr- We have 

Uu{Xij{u),Yri) = rk delin’^, p,ij{u) x 

k=i 

It suffices to apply the vector calculus identities 

det(a, b, c) = {a,h x c) and {a x b) x c = (a, c)b — {b, c)a 
and use the fact that {uk, Y^) = 0 to obtain 

Ur,{X,,fiu),Y^) = = dfi,jHY 

k=i 

□ 
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Geometrically, when is a non-vanishing diagonal of u, this vector held 

corresponds via its how to the bending of the polygon u along this diagonal 
with angular speed \\fiij{u)\\. From now on, we will refer to Xij as the bending 
vector field associated to the diagonal Hij. On the subset of consisting 
of polygons u such that ^ 0, one can divide Xij(u) by ||/rjj('u)|| and 

obtain a vector held Bij, which corresponds to the same bending with unit 
angular speed. Note that those hows are well dehned on the quotient space 
Air, and we denote by Xij and Bi^j the images of Xij and Bij respectively. 
For later use, we also introduce the inverse bending vector field associated to 
d t^i,j 

Xl^fi{u) = —{d{u) X ..., d{u) X 0,..., 0, d{u) x ufi ..., d{u) x u^) 

which corresponds geometrically to the bending which rotates (with inverse 
orientation) the half of the polygon that Xij hxes, and vice versa. Of course, 
Xij and Xfifi have same image in the moduli space Air- Indeed, 

Xij{u) - XlJ{u) = (/iij(w) X ... ,/iij(u) X m”) e TuO{u). 

Following the dehnitions in [T3], we will say that two diagonal maps pjj 
and are disjoint if the corresponding diagonals and /ip_g(wo) in a 

convex planar n-gon Uq do not intersect in the interior of Uq. This condition is 
necessary to obtain the Poisson-commutativity of the associated maps (fij), 
that we will use to dehne a integrable Hamiltonian system on {Air,oj). 

Proposition 2.2 (Kapovich, Millson [TTl Proposition 3.6]). If and [ip^q 
are two disjoint diagonal maps, then the associated vector fields Xi^ and Xp^q 
satisfy 

UjiyX-i^j, X-p q^ li* 

In particular the maps fij and fp^q Poisson-commute in {Air,oo). 

Proof. Without loss of generality, we can assume i < j, p < q and i < p. For 
any u G .Mr, 

Uu{Xij{u),Xp^q{u)) = '^rkdet{u’^,frij{u) x u'^,Hp^q{u) x u'^) 

k&I 

where I is the set of integers k such that i < k < j — 1 and p < k < q — 1. 
Using vector calculus identities, we obtain 

Ur,{Xij{u),Xp^q{u)) = Tfc det(/rij(n), /ip,g(n), M^). 

k&I 

Now it suffices to remark that if /ijj and fip^q are disjoint, then I is either 
{p,..., g — 1} or the empty set. In the second case the right-hand side of the 
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equation is zero, in the first case it can be written as 

det {fiij (u ), (w), (w)) 

and then it vanishes too. □ 

Given a family of n — 3 disjoint diagonal maps di,..., dn- 3 , dehne a map 
F = (Fi,..., Fn- 3 ) : Mr by 

hiu) = ^ \\dkiu)f = fij{u), 

where 1 < fc < n — 3 and dk = /ijj. This map induces a well-dehned map 
F : Mr ^ which is the integrable Hamiltonian system we are interested 

in. Now we will recall some results established by Kapovich and Millson [T3]. 
They prove most of these results in the case where d^ = for all 1 < fc < 
n — 3, but they obviously hold for any choice of disjoint diagonals. 

Remark 2.3. The two diagonals /Xjj and provide the same map ftj = fj^i, 
so when hxing a family of disjoint diagonals {di,... ,dn- 3 ), we can always 
assume that each dk = satishes 4 < jk- In other words, the system 

F does not depend on the orientation of the diagonals di,..., dn- 3 . That is 
why a diagonal dk will be often considered up to orientation with no further 
precision. 

2.2. Singular points of the system. Suppose hxed a family of disjoint diag¬ 
onals (di,... ,dn- 3 ), and let F : Mr —t be the corresponding integrable 

Hamiltonian system on {Mr,(.o). For l<i<j<k<n, the face of the 
polygon u G Mr between the vertices i, j and k is the triple 

Such a face will be said adapted to the system F if each component of the 
triple Ajis either a side p.i^i{u) = rM of n, or one of the hxed diago- 

above). This obviously depends only on the integers i,j,k: the family of 
adapted faces (Aij^k) is uniquely determined by the choice of disjoint diago¬ 
nals. Those faces are exactly the ones with constant edge lengths along the 
hbers F“^(ci,..., c^-s) of the system. Adapted faces provide the following 
characterization for singular points: 

Proposition 2.4 (Charles [6l Theorem 4.1]). The configuration [n] G Mr is 
a singular point of the system F if and only if there exists a face Aij^k adapted 
to F such that is degenerate (in the sense that its components are 

linearly dependent). 

Proof. We will see later that when no adapted face is degenerate, 

then the hber N = F“^(ci,..., Cn- 3 ) containing [n] is diffeomorphic to 


nal di(n),..., dn- 3 {u) (up to orientation, that is /Xjj = ±dp, see Remark 2.3 
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This implies that [w] is a regular value of F. Hence it suffices to prove now 
that when some adapted face Ajj is degenerate, [w] is a singular value of 
the system. 

Suppose hrst that a component of Ajjfc(w) vanishes, say Hi^iu). Then 
necessarily j > i +1, in other words /ijj is a diagonal and not a side. It follows 
that the Hamiltonian vector held Xij{u) vanishes, and then by nondegeneracy 
of u, so does the differential of fij at u. By dehnition of being an adapted 
face, fij is precisely a component of the map F, hence w is a singular value of 
F. It follows that [u] is a singular value of F. 

Suppose now that none of the components of Ajj^fc(w) vanishes. Recall that 
n > 4, so at least one of the components of is a diagonal of u. We will 

distinguish the cases when exactly one, two or three components are diagonals 
while the other are sides of the polygon. 

(1) Only one component of Ajjfc(ti) is a diagonal dq{u). Then the sides 

of are either 

• dq{u) = a = rpWp and b = with 1 < p < n — 2, 

• dq{u) = a = rn-iu^~^ and b = VnU^, 

• dq{u) = pnpiu), a = TnU^ and b = riu^. 

The degeneracy of Ajj fc(ti) implies dq{u) x a = dq{u) x 6 = 0. In the 
hrst case, this gives 

Xp^p+2{,u) = ( 0 ,..., 0 ), 

while in the two other cases the Hamiltonian vector held X associated 
to Fi can be written 

X(u) = (dq(u) X . . . , dq(u) X u"') G TuO(u) 

and then its image X(u) vanishes in T\^u]M.r- Geometrically, that cor¬ 
responds to the fact that the bending how associated to dq{u) either 
has no ehect on u, or rotates the whole polygon u (and then has no 
ehect on [w]). 

(2) Two components of Aij^k{u) are diagonals dp{u) and dq{u). 

If those two diagonals are and (with, necessarily, 3 < 

^ < n — 2), then the third side of is VnU^- The condition of 

degeneracy implies the existence of a, 7 ^ 0 such that ap,i/{u) = = 

/3p£^n{u). Then we have 

aX^^eiu) + pXe^n = {u^ x u\ ... x u”) e T^O{u), 

therefore aXi^^^u) + /dX^^niu) = 0 in T\^u]M.r- Geometrically, this illus¬ 
trate the fact that the hows associated to dp{u) and dq{u) are “almost” 
collinear, except they do not bend the same half of the polygon. They 
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become rigorously collinear once we consider the configuration space 

Mr. 

Now if those two diagonals are Hafiiu) and Ha^h+iiu), then it suffices 
to remark that the degeneracy condition ^a,h+i{u) = a^a,b{u) = (3v!’ 
leads to 

^a,b+l 0!^a,b. 

An analogous equality is obtained when dp{u) = ^a,b{u) and dq{u) = 
P'a+l,6('H') • 

(3) The three sides Hi^k{u) of the face are diagonals 

of u. Then Hi^kiu) = ajjiijiu) = /3fij^k{u) implies 

In the three cases, we obtain that the Hamiltonian vector fields associated 
to the maps Fi,...,F „_3 are linearly dependent at [w]. Equivalently, the 
differential maps dFi(['u]),..., dF„_ 3 (['u]) are linearly dependent, therefore [w] 
is a singular point of F. □ 


2.3. Global action—angle coordinates on the regular configurations. 

Denote by the regular part of Mr, that is the set of configurations [n] 
such that no adapted face Aij^k is degenerate at u. This subset of Mr is 
equipped with global action-angle coordinates. 

For 1 < A; < n — 3, define ik : Mr —)■ M by 

4([n]) = ||4(^i)|| = 2^/Fk{u). 


The diagonals di,, dn-z do not vanish on so A,..., 4-3 sue smooth 
functions on M^. If dk = the Hamiltonian vector field associated to ik is 
the normalized bending vector field Bij defined previously. Its flow is defined 
by 

where R^kiu) i'be rotation of angle t around the axis dk{u). Note that 


4{/p,4} = {eO = 444{4,M 


so Proposition 2.2 implies the Poisson-commutativity: 


{4^4} = 0 - 


For 1 < A; < n — 3, the diagonal dk belongs to the boundaries of exactly two 
adapted faces Ai and A 2 . For u G M^, denote by 9k{u) the dihedral angle 
between Ai and A 2 , oriented in such a way that 9k decreases when applying 
the flow V'fc with positive values of t. Then define a map 9k ■ M^ ^ hj 

9k{[u]) = TT - 9k{u). 
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It is defined this way so that the condition 6k{[u]) = 0 for all 1 < fc < n — 3 
corresponds to a planar polygon. Lemma 4.5 of [H] states that 

{ep,e,} = o. 

By the dehnitions above, we have 

= ^pi[u]) + tSp^q, 

which after differentiation gives the relation 

= ^p,q- 

Therefore £i,, f'n-s, ..., 9n-3 are global action-angle coordinates on 
If iV = F~^{ci,... jCn-s) is a hber of the system where no adapted face 
vanishes, these coordinates provide a diffeomorphism 

AT ~ X ■ ■ ■ X = T’"-^ 

where each component correspond to the bending flow aronnd some diag¬ 
onal dfc- 


3. Extension to the non-generic case 

Suppose now that r = (ri,... ,r„) is not generic, that is 

n 

SiTi = 0 

i=l 

for some (ei,... ,£„) G {±1}". Then there exist polygons u = G 

Air such that u^,...,u"' belong to a same line. For example, take u = 
{eiu^,... ,enU^) for any G S^. The existence of such degenerate polygons 
implies that the action of G = 50(3) on Air is not free anymore. Indeed, if u 
is a degenerate polygon contained in the line | A G M}, then its isotropy 
group Gu is the set of all rotations of axis The quotient space Air is not 
a manifold anymore. 

However, the conhguration space Air still has the structure of a symplectic 
orbispace in the sense of PD]. Indeed, the orbispace atlas on Air consists of the 
single chart {Air, 50(3), tt ), where tt : Air Air is the canonical projection 
on the quotient space. We take as a 50(3)-invariant symplectic form on this 
chart the form uj dehned above. By dehnition, the smooth maps / : O —?• M 
on an open subset U C Air are the maps such that / o tt : 7r“^(0) —)■ M is 
smooth. This is the case in particular for the maps fij dehned above. 

Recall that a symplectic orbispace has a natural stratihcation into symplec¬ 
tic manifolds: 
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Proposition 3.1 (Pflaum [20l §1.3, §2.4, and Proposition 3.3]). Let G be a 
Lie group acting properly on a smooth manifold M. Denote by M = M/G the 
corresponding guotient space. If x E M, denote by Gx the isotropy group of 
the action at x, by N{Gx) its normalizer in G, and by the submanifold 
of elements in M with same isotropy group. Then: 

(1) The manifold M admits a natural stratification by isotropy type. The 
strata are the submanifolds consisting of elements of M whose isotropy 
groups are conjugate to each other. 

(2) This stratification induces a stratification of the guotient space M. The 
stratum Sx containing [a:] E M is dififeomorphic to the (smooth) guo¬ 
tient space of Mx by the proper and free action ofVx = Gx/N{Gx). 

Let X be an orbispace. Fixx G X and consider a local orbispace chart (U, G, vr) 
around x. 

(3) Let Sx be the stratum containing x in the stratification ofU = U/Gby 
isotropy type. Then Sx does not depend on the choice of the local chart 
{U,G,7 i). It follows that X admits a canonical stratification. 

(4) Moreover if X is a symplectic orbispace, then every stratum Sx carries 
the structure of a Poisson manifold in a canonical way. 


In onr case, this decomposition coincides with the one between degenerate 
and nondegenerate polygons. 


Proposition 3.2. Let r = (ri,... ,r„) be non-generic. Then the configuration 
space Mr is a symplectic orbispace whose corresponding stratification is 

Mr=MfuMt, 

where M'fi^ (resp. M).) is the manifold consisting of [n] G Mr with u nonde¬ 
generate polygon (resp. with u degenerate polygon). 

The Mr^ component is open and dense in Mr, while the M). component is 
a finite union of points. Each stratum carries in a natural way the structure 
of a Poisson manifold. 


Proof. Let g G SO {3) be different from the identity. The set of elements in 
fixed by g is {tq, — Pq}) where Tq G spans the axis of the rotation g. Then 
g belongs to the isotropy gronp Gu of a polygon n G Ad,, if and only if u 
is a degenerate polygon contained in the axis of g. So, the isotropy gronp of 
U G Mr is 


Gu 


{rotations of axis u^} 
{id} 


if u is degenerate, 
if u is nondegenerate. 


The snbgronps of rotations aronnd a fixed axis are conjngate to each other in 
S'0(3), so the decomposition of Mr with respect to the conjngacy classes of 
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the isotropy groups is the partition 

Mr = U 

between nondegenerate and degenerate polygons, leading to the stratihcation 
of Mr by the sets Mr'^ = 7r(Af“^) and M^ = n{Mr)- 

Now remark the following. The set M^^ is exactly the set of polygons u with 
trivial isotropy group, so the action of SO{3) is free on M^‘^ and M^^ is exactly 
the corresponding quotient manifold. If u G Mf is a degenerate polygon, then 
Mq^ is the set of degenerate polygons in Mr with same direction as u. It is 
a subset of 

.. .,enU^) | £1 = ±1,.. .,en = ±l} 

which is hnite, so is also hnite. □ 

Denote by TMr the tangent orbibundle of Mr- It is the orbispace whose 
atlas contains the single chart {TMr, G,p), where the action of G on TMr is 
obtained by differentiating the action of G on Mr, and p : TMr —t G\TMr 
is the canonical projection to the quotient space. To a vector orbibundle is 
naturally associated a stratihed vector bundle: 

Proposition 3.3 (Pflaum [201 §2-10]). Let E be a vector orbibundle. Let 
{E, G,p) be a local orbibundle chart of E and {U, G, vr) the associated orbispace 
chart. For x & U, denote by the isotropy subgroup of the action at x, and 
let E^^ be the linear subspace of Gx-invariant elements of the fiber Ex- 

(1) If S is a stratum of U (in the stratification by isotropy type), then the 
space 

is a smooth vector bundle over S, and Es/G is a smooth vector bundle 
over S = S/G. 

(2) These spaces define a stratification of = UsEs/G. 

We call stratihed vector bundle associated to E the stratified space 

^strat _ ^ 

In our case, the stratihcation takes the following simple form. 

Proposition 3.4. The stratified vector bundle associated to the vector orbi¬ 
bundle TMr is given by the stratification 

y_^strat _ J,^nd ^ j,^d 

Moreover, is dense in TMr- 
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Proof. Take (TAir, G,p) the single chart of the tangent orbibundle of Air, and 
let u G Air- Recall that X = (X^,..., X") G T^Air satishes (X*, vi) = 0 for 
all 1 < z < n, and that the action oi g & SO{3) on X is dehned by 

g-X = {gX\...,gX^). 

If u is nondegenerate, then Gu = {id} and hence = T^M-r- If u is 

degenerate, then Gu is the subgroup of SO(3) consisting of rotations around 
the axis spanned by any m* (they are all collinear). Because X* is orthogonal 
to u\ gX'- = X® holds if and only if X® = 0, so we have TuMr'^ = (Oj- 
Then dehne the vector bundles over Af and = 

Aii X {0} over Ai^. Taking the quotient by 50(3), one obtains the stratihca- 
tion given in the proposition. The fact that T is dense in TAir conies 
from the fact that the tangent orbibundle of an orbispace is always a reduced 
orbibundle. □ 


A smooth section X : Air —t TAir is a smooth stratihed section of the 
tangent orbibundle TAir if there exists a smooth 50(3)-invariant section X : 
Adr —>■ TAdr such that 

po X = X O TT. 


The space r“j.,j^(TAdj,) of smooth stratihed sections of the tangent orbibundle 
is a C°°(X)-module. In particular, the vector helds Xij on TAir dehned above 
induce smooth stratihed sections of the tangent orbibundle, that we denote by 
Xi j as before. 


Fix n — 3 disjoint diagonals (di,..., d„_ 3 ) and consider the restrictions to 
the stratum Ad“'^ of the functions Ei,...,En-3 G C°°{Air) dehned above. 
They dehne a classical integrable system on Ad”*^. Indeed, th ese maps already 
Poisson-commute pairwise in Ad^ according to Proposition 2.2, and the de¬ 


scription of singular points given by Proposition 2.4 holds on Ad“^ with the 
same proof. Actually, this description even holds on Ad^. because a degener¬ 
ate polygon is necessarily a singular point of F = (Fi,..., Ens), and in the 
same time all its faces are degenerate. So in this sense, the integrable system 
F = (/i,..., /n-s) on Air extends to the non-generic case using the notion of 
symplectic orbispace. 


4. Structure of the singular fibers 

The goal of this section is to prove that a singular hber N = F“^(ci,..., Cns) 
is generically a submanifold of Ad,.. To do so, we will hrst prove that its lift 
N = F“^(ci ,... ,Cn) is a submanifold of Ad,, diheomorphic to a product 

M = 50(3) X • • • X 50(3) x x • • • x x 5^ x • • • x 5^, 
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and such that the action of SO{3) on N corresponds to the multiplication on 
the left on the SO{3) and 8 “^ components on M. Then it will suffice to prove 
that the resulting quotient space SO{3)\M is a manifold. 


Suppose first that none of the diagonals di,, dns vanishes on N (follow¬ 
ing m, we say that the polygons in the fiber N —or the fiber itself— are 
prodigal). Let ^ he an adapted face which is degenerate on N (recall that 
Aij^k{u) keeps constant side lengths as u varies in N, hence the degeneracy 
of Aij^fc('u) is independent of the choice of u E N). If we cut the polygon 
u along the line segment containing the degenerate face Aij^k{u), we obtain 
three polygons 


Ui = 

U 2 = 

U 3 = 


IIamWII 

^ 7,u^, ..., u^, ..., G j(4r3, 




{pi,ri, ... 
(p2,r’j,...,rfc_i) 
(P3,rfc,... 


where pi, p 2 , Ps G {ri,..., r„, Ci,..., Cn- 3 } do not depend on u E N (see Fig- 
ure[^. Note that some of these polygons might actually be digons. Because the 
diagonals di,..., dns are disjoint, for each 1 < p < 3 such that card(rP) > 4, 
they induce a system Fp on AirP such that Up take values in a fiber Np of 
Fp as u varies in N. If is just a space of digons or triangles, we set 
Np = Mrp and we consider that it is a “regular fiber of the system” (although 
there is actually no system defined on Airp) in the sense that it is a manifold 
diffeomorphic to either 5^ (space of digons or degenerate triangles) or 50(3) 
(space of nondegenerate triangles). The map 


ip : u E N I —> (ui, U2, U3) E Ni X N 2 X N 3 


is clearly one-to-one, and its image is the set 

( 4 . 1 ) S = ^^{ui,U2,U3) E Ni X N2 X N3 \ aiul + a2u\ + a3u\ = o| 

where the triple (ai,a 2 ,Q! 3 ) 7 ^ ( 0 , 0 , 0 ) is determined by the relation of linear 
dependence between the sides of Ajj^fc('u). 

Proposition 4.1. The fiber N is a manifold diffeomorphic to either 

• the sphere 8“^, 

• a product 50(3) x x ■ ■ ■ x where each component corresponds 
to a bending flow on N. 
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Figure 1. Splitting of a singular polygon along a degenerate face 


Proof. If TV is a fiber consisting in degenerate polygons u, it is uniquely de¬ 
termined by the first edge u^, and then it is diffeomorphic to the sphere 3“^. 

Suppose now that N contains nondegenerate polygons. Assume that iVi, 
N 2 and are regular hbers. Then S and N are manifolds and 99 is a diffeo- 
morphism. Dehne three kinds of actions on S: 

(1) For g G SO{3), consider the diagonal action 

g- (ui, U 2 , U 3 ) = {g-ui,g- U 2 , g-us). 

(2) For every 1 < p < 3 such that card(r^) > 4 , dehne an action of some 
torus T'^ on S using the bending hows of the system Fp. Equivalently, 
it can be dehned as the image by of some bending how of the system 
F. Note that if this hows moves Up, we replace it by its inverse how, 
which hxes Up, so that the action is well-dehned on S. 

(3) For every Np containing nondegenerate polygons but one, consider the 
action of on S by rotation of Up around its hrst edge Up (e.g. if 
only one Np contains nondegenerate polygons then there is no action 
of this kind, if only A^i and N 2 contains nondegenerate polygon then 
consider only the rotation of U 2 , etc.). It is also the image by of 
some (possibly inverse) bending how of F. 

All those actions are commuting pairwise, and therefore induce an action of 
some group 

G = SO {3) X 

on S, with r > 0 and 0 < £ < 2 , such that each toric component can be 
interpreted as some bending how of the system F. Let us prove that this 
action is free and transitive. 

Let X = {g, 6 * 1 , 6 * 2 ,..., Or+e) ^ G such that x ■ {ui, U2, U3) = {ui, U2, U3) for 
some {ui,U 2 ,U 3 ) G S. By dehnition of our action, 

X ■ {ui,U2,U3) = {ggi ■ (p\^{ui),gg2 ■ (pl^{u2),gg3 ■ pfius)) 




16 


DAMIEN BOULOC 


where each tpp is a composition of bending flows, and gq is either the identity 
or the rotation with angle O^+i or 6*^+2 around the axis spanned by v}^ G S"^. 
Hence for each 1 < p < 3 we have 

K] = 

in the hber Np of the moduli space AirP- But on regular hbers, the bending 
flows act freely so we have p/ = id, or equivalently 

9i = ■ ■ ■ = Or = 

By construction of our action, there is one nondegenerate Up such that Pp = id. 
Thus we have g ■ Up = Up, which implies g = id. Therefore for all 1 < p < 3, 
either Up is degenerate and then gp = id by definition of the action, or Up is 
nondegenerate and then gp ■ Up = Up implies gp = id. Then O^+i and 6 *^+ 2 , 
when they exist, vanish. This proves that x is the identity of G, so the action 
is free. 

Take now u = (wi, ti 2 ,and v = (ui, 112 ,^ 3 ) in S', and let us suitably 
choose X E G so that x ■ u = v. For convenience, let us assume i = 2 (the 
proof is similar for 0 < £ < 1). First, using the transitivity of the bending 
flows on regular hbers, we can dx Oi,... , 0 r such that 

(id,0i,... ,0^,O,O) ■ -u = 

satishes [ip^p{up)] = [vp\ in Np for all 1 < p < 3. In particular, there exists 
g G S'0(3) such that g ■ = Vi. Denote by (lUi, iU 2 , it’s) the triple 

(p,0i,...,0^,O,O) ■u = {g ■ (p^^{ui),g ■ ip^.^{u 2 ),g ■ 

We have Wi = Vi and [wq] = [g ■ i^q‘{ug)] = [ipq'^Uq)] = [vq] for 2 < g < 3. 
Hence there exists gq G SO{3) such that gq ■ Wq = Vq. Recall that elements in 
S have their components linked by a hxed relation, namely for g = 1, 2, there 
exists Eq = ±1 such that u\ = EqU^ and = EqV^. On one hand, the how 
iPq preserves the hrst edge, and gq G SO {3) preserves the orientation, so the 
hrst expression implies w\ = EqW^. On the other hand, the second expression 
implies w\ = EqgqW^. Therefore gqW^ = w^, which implies that gq is a rotation 
of axis Wg with some angle aq (possibly equal to 0). Then we have 

(g, 6 ^ 1 ,..., Or, tt2, a 3 )-u = {wi, g 2 ■ W 2 , gs ■ W 3 ) = (ui, V 2 , V 3 ). 

Thus the action of G on S' is transitive. 

This proves the proposition in the case where iVi, -^2 and N 3 are regular. We 
then extend it to the general case by induction on the number of degenerate 
faces of TV. □ 
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Suppose now that some diagonal dk = fiij vanishes on N. Then the polygon 
u can be seen as the wedge sum of two polygons with fewer sides 

ui = Mri, = (ri,... ... ,r„), 

U2 = {u\ ..., u^~^) e Mr2, = (ri,rj_i). 

As before, because the diagonals di,..., dns are disjoint, we have two natural 
systems on and such that (^ 1 ,^ 2 ) belongs to a product of hbers 
A^i X N2 as u varies in N. Repeating this process of splitting, we obtain a map 

Lf U E N I-(wi, . . . , Uq) E Nl X ■ ■ ■ X Nq 

one-to-one and onto where each Np is a prodigal hber of some smaller system 
Fp. Hence 

Nl X ■ ■ ■ X Nq 

is a manifold and is an embedding, leading to the following proposition: 

Proposition 4.2. Let [n] G Nir be a singular point of some system F : Mr —)■ 
defined by a family of disjoint diagonals. Then the fiber N containing u 
is a manifold, diffeomorphic to a product 

(4.2) SO{3) X • ■ ■ X SO{3) x x ■ ■ ■ x x x ■ ■ ■ x 

The action of SO (3) on N correspond by this diffeomorphism to the multipli¬ 
cation on the left on the SO (3) and 5^ components in the product. 

This decomposition can be explained geometrically as follows (see Figure]^. 
Consider a polygon u in the hber N. If some of its diagonals vanish, it can be 
seen as a wedge product of prodigal polygons with fewer sides. If one of these 
smaller polygons is degenerate, one can rotate it around the origin withont 
changing the diagonal lengths of the whole polygon u\ this is the meaning of 
the corresponding S"^ component. Similarly, a non degenerate smaller polygon 
can be rotated around the origin. Once one chooses a face of this polygon 
as a reference, this rotation is uniquely determined by an element of SO(3). 
Applying to u those two transformations and the bending hows of each smaller 
polygon (the components), one can obtain any other polygon in N. 

Remark 4.3. It was pointed out to us by the referee that the above de- 
compostion of non-prodigal polygons into wedge sums of prodigal polygons is 
closely related to the toric manifold constructed by Kamiyama and Yoshida 
in [13]. Let us recall briehy their construction. Dehne an eqnivalence relation 
on Mr (with the caterpillar conhguration) by setting ir ~ n if the following 
two conditions are satished: 

(1) u and V are in the same hber of F (so in particular the same diagonals 
vanish in u and v), 
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Figure 2. Geometrical meaning of S0{3), and components 


( 2 ) if w = (wi,..., Uq) and v = {vi, ..., Vq) are the decompositions of u 
and V into prodigal polygons, then there exists (( 71 ,... ,gq) G S'0(3)'^ 
snch that for any 1 < z < g we have gi ■ Ui = Vi. 


Then the quotient V = Mr/ ~isa symplectic toric manifold whose mo¬ 
mentum map has same image as F in and we have a natural projection 
p : Mr M 

Let iV be a hber of F. Consider the diffeomorphism 4.2 given by the above 
proposition that identihes a polygon u with (g, 6, v) e (S'0(3))^ x T'^ x 
From the diagonal actions of SO{3y on itself and of 50(3)^ on we dehne 
an action of S0{3y~^’‘ on N by: 


(fi, h') ■ u = {h ■ g,6,h' ■ v) 

for any (fi, h') G S'0(3)^ x 50(3)^ = S'0(3)^’''^. Then the orbits for this action 
are exactly the elements in p{N) C V. 


Now we would like to determine the structure of the corresponding hber N 
in the moduli space Mr- If N contains at least one S'0(3) component, then 
considering a polygon w G iV up to isometric transformation is equivalent to 
hxing a given face of a nondegenerate polygon forming u. So the hber N should 
be diheomorphic to the same product as N but with one SO {3) component 
removed. However, if the decomposition of N does not contain any 50(3) 
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component, or equivalently if N contains only polygons which are wedge sums 
of degenerate polygons, then the structure of N is much less obvious. We will 
then distinguish those two cases, saying that: 

• is of type I if there is at least one SO {3) component after reduction, 

• is of type II if there are only 3“^ components after reduction. 

Now we can formulate the following result: 

Theorem 4.4. Let N he a singular fiber of the Hamiltonian integrable system 
F = (Fi,..., Fn-s) on Mr- Denote by N the eorresponding fiber in Mr- 

• If N is of type I, then N is a manifold diffeomorphie to 

SO{3) X ■ ■ ■ X SO{3) X X ■ ■ ■ X X ^ ■ X 

In partieular it is an homogeneous manifold- 

• If N is of type II, then N is an orbispaee whose assoeiated stratifieation 
is 

N = 

where (resp- M) is the manifold consisting in configura¬ 

tions of nondegenerate polygons (resp- the manifold NnMr consisting 
in configurations of degenerate polygons)- 

Proof- Suppose N is of type I. It is a homogeneous manifold with at least one 
SO{3) component. Recall that the action of S'0(3) on 

N ~ RO(3)^’ X X 

is given by 

9 ■ {dll ■ ■ ■ 19pi di, - - -, dq, vi ,..., Vk) = i^ggi-, - - - ■> ggp-, di-, - - -, Oq, gvi ,..., gvk), 

the corresponding quotient space being N by dehnition. SO{3) is compact, 
and the action is free because there is at least one SO{3) component, on which 
99 i 7^ 9 i s-s long as g ^ id. Hence A^ is a manifold. Let M = SO{3Y~^ x T”? x 
{S'^Y be the same product as N with one S'0(3) component removed. The 
map (fi : N ^ M dehned by 

p{9, S, v) = {{gf^g 2 , • • •, gf^gp), 0, gf^v) 

is differentiable and onto. Moreover we have ifi{g, 6, v) = (p{g', O', v') if and only 
if [{g, 9, u)] = [{g', O', u')] in N, so we obtain a diffeomorphism cp : N ^ M. 

Now if N is of type II, the action of SO{3) is not free anymore. For example 
if S' G SO{3) is a non-trivial rotation around some axis Vq G then one 
has g ■ (uo, • • •, Uo) = (uo, • • •, Uo) even though g Y id- However, it is still the 
quotient space of the smooth action of a compact group on a manifold, so N 
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is an orbispace. The decomposition of Mr with respect to the isotropy type 
restricts to a decomposition 

JV = M^u M 

with n N and M = Mr H N. The quotient of (resp. of M) 

by the action of 50(3) can be naturally identihed with Mr'^ fl N (resp. with 
Mr n N), leading to the stratihcation stated in the theorem. □ 

Remark 4.5. Note that Mr admits type II hbers only if r is not generic. 
Indeed, suppose the polygon u & Mr belongs to some type II hber 

iV ~ 5^ X ■ ■ ■ X 5^. 


Then w is a wedge sum of degenerate polygons. Up to rotating each component 
of this wedge sum, we can construct a polygon u' G Mr which is degenerate, 
so r is not generic. 


Remark 4.6. Let t : iV be the inclusion of some hber N in the space 

of 3D polygons with lengths r. It is a smooth map compatible with the action 
of 50(3), so it induces a morphism l : N ^ Air of manifolds or orbispaces 
(depending on whether r is generic or not). Theorem 4.4 states that A is a 
sub-object of Mr carrying the same structure. 


5. Isotropicness of the fibers 

The goal of this section is to prove that any hber N of the system F = 
(Fl,..., Fji-s) dehned by disjoint diagonals di,, dn -3 is isotropic, that is 
that the symplectic structure uj on Air vanishes on the vectors tangent to N. 
Recall that we have the stratihcation 

Mr = Mf U Ait 

with Air'^ dense open submanifold of Mr and Mt hnite union of points (empty 
when r is generic). The tangent space TAir contains the dense stratihed space 

y_^strat _ r^j^nd ^ j.j^d 

Hence it suffices to prove that 

y[u] e vx,u e oo^XM) = o, 

where u is the symplectic form induced on Ai^'^. That is why we will use 
the following abuse of notation throughout this section: for purpose or clarity, 
we will write N (respectively Mr, N, Mr) for (respectively 
Mf), as if r was generic. 
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5.1. Generators of the tangent space. As a first step, it will be useful to 
exhibit, for any polygon n in a singular fiber N, a family of vectors that spans 
the tangent space TuN. 

For 1 < i < j < n and v G set 

Y ^ jiu ) = (0,... ,0,n X M*,... ,n X ... ,0). 

Recall that, for to be a well-dehned vector in T^Air, the infinitesimal 

closing condition has to be verihed, namely 

X u ^) = V X = 0. 

i=i 

Note that this condition is automatically satished when v = and the 

vector obtained is exactly the image at u of the bending vector field associated 
to . 

The vector Y^-{u) is also well-defined when = 0. Therefore if u is the 

wedge sum of proper polygons Ui,... ,Uq (as in Q, then in particular we can 
dehne vectors , • • •, Y^^ corresponding to the rotation of each component 
of the wedge sum around the axis n G 

Lemma 5.1. Let N be a singular fiber of the system F defined by a family of 
disjoint diagonals di,..., dn- 3 . Let u i—>■ (iti,..., Ug) be the decomposition of 
polygons in N into wedge sums of prodigal polygons. 

For every I < j < q, let (uyi,nj, 2 ,Uj.s) be a basis o/M^. Then for every 
u E N, the family 

|Xj, Yuf'°{u) \ l<i<n — 3, 1 < j < q, 1<A;<3| 


spans the tangent space TuN. 

Proof. According to ^ iV is diffeomorphic to a product iVi x • • • x iVg where 
each component of the product satisfies 


N ^ 


fs^ 

\50(3) 


X T* 


if Ui is degenerate, 
if Ui is nondegenerate. 


Fix u E N. For 1 < i < q, denote by vTj the projection from N onto Aj. 
If Aj ~ 5^, then the diffeomorphism is provided by a map 

(p" : V E S'^ CE- {siV, ..., SnW) E Ni 

with Ej E {±1}. If Ui = (pfiv), the tangent space 

T^S^ = {A G I {X,v) = 0} 
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is identified with the set {X x v, X G which is the quotient of by the 
relation X = X' if X — X' = av for some a G M. Under this identihcation, 
the push-forward (^* : —)■ Tu^Ni is dehned by 

(P:(X) =X xu, = {X xul...,X X uT). 

If Ni ~ S'0(3) X recall that a diffeomorphism (p* : S'0(3) x —)■ iVj is 
provided by ti,..., = (^f, fi,..., ■ Ui where the action considered 

in the right-hand term of the expression above is the one dehned in ^ In 
particular, , 0) = (7 ■ w*. By the identihcation TidS'0(3) = we 

have for all X G 

(^;(X,0, ...,0) =X xUi, 

while (p^O,..., 0 , 1 , 0 ,..., 0 ) is some normalized bending how of the polygon 

Ui. 

Hence, under the diheomorphism (f = ((p^ o tti, ... , 99 '? o tt^) identifying N 
with a product of S'0(3), 8“^ and T^, the image of a vector tangent to a 
component is collinear to some bending how Xk{u), and a vector tangent 
to a SO{3) or 5^ component is mapped to some vector l^(w), X G M^. 
Decomposing X in the basis (^*, 1 ,^ 1 , 2 ,^, 3 ), this vector can be expressed as a 
linear combination of Yu-’^(u), Yu-’^(u) and Yul’^{u). □ 

5.2. Fibers without vanishing diagonals. First we suppose that the hxed 
diagonals di,, dns do not vanish on N, and we prove the isotropicness of 
N by recursion on the number of degenerate adapted faces on N. More pre¬ 
cisely, we approximate elements of N by elements in diherent polygon spaces, 
belonging to hbers with a lower number of degenerate adapted faces. 

Lemma 5.2. Let N be a prodigal fiber of F, and suppose some adapted face 
^i,j,k is degenerate on N. 

Then for any Uq G N, there exists a neighborhood I of zero in M, a sequence 
of polygons in and a sequence of positive side lengths such 

that: 

(5.2.1) the polygon Ut belongs to the space 

(5.2.2) fi tends to r in (M>o)” os t tends to zero, 

(5.2.3) Ut tends to uq in as t tends to zero, 

( 5 . 2 . 4 ) for allt^fit^ 0 , the face Xijfiut) is nondegenerate, 

(5.2.5) if some face Aa^bfiuo) is nondegenerate, then Aa^bfiut) is nondegen¬ 
erate for any t E I, 

(5.2.6) for any t E I, ut is a prodigal polygon. 

Moreover, if we denote by Nt the fiber containing ut for the function Ft defined 
on Mrt by the same choice of diagonal di,..., dn-z os for F, then: 
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Figure 3. Approximation of a polygon with a degenerate face 


(5.2.7) for any X G Tu^N, there exists a sequence {Xt)t£i that converges to 


X in 


as t tends to zero and such that for any t G I, Xt G T^tNt 


Proof. We construct these sequences explicitly. Fix a; G a vector orthogonal 
to /ijj('Uo) and set 


Ut = 


u. 


0> 


,i-2 


and 


= (’^1, 




Ai-2, 


Vj-iUQ ' + tx 
\rj_iu(~^ + tx\ 


\rj_iui ^+te| 


rjUQ — tx 
\rju( — tx\ 


\rjUQ — tx\ 


.u: 


i+i 


i Uf] 


' ^i+1; 


0- 


Geometrically, the polygon Ut is obtained by moving the j-th vertex of uq in 
the direction x G as illustrated in Figure]^ Properties (5.2.1), (5.2.2) and 


(5.2.3) are straightforward. 


For Property (5.2.4), remark that = /ii,fc('Uo) but 

h'ijiP'o) 


tx. 


As X 7 ^ 0 is orthogonal to /rjj('Uo) 7^ 0, we obtain that is no more 

collinear to jJii^k{ut) when t 7 ^ 0. For Property (5.2.5)[ we use the fact that the 
map t HA tia,b{ut) X yLa,c{ut) is continuous, so if tia,b{uo) and Ha^iuo) are linearly 
independent, then yia,b{ut) and Ha^ciut) are linearly independent for any t in 
some neighborhood of zero. The same argument is used for Property |(5.2.6) 


Finally, for Property (5.4.4), it sufficed to show that any vector in the family 
of generators given by Lemma |5.1 can be approximated as claimed. For the 
bending vector fields, this comes from the fact that the map t ha Xi{ut) G M"" 
is continuous for any 1 < i < n — 3. The same argument is used for Yf.^{uQ) 
once one remarks that Y^{ut) is well-defined for any t E I. □ 


Proposition 5.3. For any side lengths r G (M>o)"' and any choice of diagonals 
on Air, the prodigal fibers of the associated integrable system are isotropic. 
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Proof. We prove it by recursion on the number of degenerate face on the hber 
N. If there are no degenerate face, then the hber is regular and hence it is 
Lagrangian. 


ie_UQ in 

By 


5.2 


Suppose now that m > 0 adapted faces are degenerate on N. Ta’ 

N and consider the approximation {ut)t of Uq provided by Lemma 
Properties (5.2.4) and (5.2.5), the polygon Ut has at most m — 1 degenerate 
faces when t ^ 0 and then the hber W containing [u^] is isotropic. 

Let Xi,X 2 £ TuqN, and {Xi^t)t, fheir approximations provided by 


Property (5.2.7) Denote by cu* the symplectic form on Ain- Recall that it is 
the restriction of a two-form on (S*^)” that satishes 

ielip,q) 

where J(p, q) is a subset of {1,..., u — 3} uniquely determined by the choice 
of diagonals di,... ,dk (see proof of Proposition |2.2[). It follows that 


lim -^ 2 ,t(w)) (^ 1 ,^ 2 ) 


t—yO 


Since Nt is isotropic for t 7 ^ 0 we have ^ 2 ) = 0. 


□ 


5.3. Fibers with vanishing diagonals. We now prove the isotropicness in 
the general case, assuming that some of the disjoint diagonals di, ... ,dn -3 
vanish on N. We will prove the result by recursion on the number of vanishing 
diagonals. 

Lemma 5.4. Let N C Air be a singular fiber of F, and N its lift in Air- If 

some diagonal dk vanishes on N, then there exists a dense subset S (Z N such 

that for any uq G S, there exists a neighborhood I of zero in M and a sequence 
of polygons in Air such that 

( 5 . 4 . 1 ) Ut tends to uq as t tends to zero, 

( 5 . 4 . 2 ) for alltEljt^ 0 , dk{ut) 7 ^ 0 , 

( 5 . 4 . 3 ) for all 1 < i < n — 3, if d£{uQ) 7^ 0 then di{ut) 7^ 0 for all t E I, 

Moreover, if we denote by Nt the fiber of F containing ut, then: 

(5.4.4) for any X G Tu^N, there exists a sequence {Xt)t£i that converges to 
X in M"" as t tends to zero and such that for any t E I, Xt ^ TuoNt- 

Proof. Let no = (nop, • • ■ , no,g) be the decomposition of uq into prodigal 
polygons. Up to a change of indices, we can assume that this decomposition 
is given by a sequence 

l=Po<Pi<---<Pq = ’^ + l 

such that Ui = (^^o*~^ ''' 5 for any 3 <i < q and dk = hpo,pi- 
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The diagonal dk is the side of exactly two adapted faces and Ap^^p^ 

with 1 < ki < Pi < k2. Suppose = Pj some j > 2 . Then Pk'^^ki = Ppj,pi 
is the side of two adapted faces: one is Ap^^p^ and the other is for 

some Pi < k2 < Pj- Now /c2 may be equal to pj' for some 2 < / < j, but 
iterating the previous construction, we obtain after a hnite number of steps a 
sequence 

1 < ki < Pi < k2 

such that ^2 7 ^ Pj for all 1 < j < g and Apj p^^ is an adapted face for some 

do- 

Dehne the subset S = {u E N \ pki,pi{u) x pip^^k 2 iu) 7 ^ 0} C A and for 
hxed Uq G S', set 

Ui — \Uq^ . . . ,Uq , K Uq , K Uq ,Uq , . . . ,Uq) 

where i?* is the rotation of angle t around the axis 

pki,k2^'^o') T ■ ■ ■ T '^k2 — 1^0 


Remark that the family of polygon ut is geometrically obtained by bending 
the polygon Uq along its diagonal pkiMi'^o), as illustrated in Figure]^ From 
this dehnition Property (5.4.1) is immediate and Property (5.4. 3)| follows from 
continuity of the map 1 1 —>■ di{ut) G M^. 

The diagonals of Ut satisfy 

Pp,qi,'f^t} Pp,qi,'fJ'o) T ^ ^ ^ii,R Uq Mq) 

iel 


where / = {p,..., g — 1} fl {/ci,..., A ;2 — !}• In particular, this implies 

Pi-i 

Ppo ,Pl 0 + ^ ^ Uq Uq) R Pkl,pi('^o) hfeiiPl (ll'o)- 

i=ki 


Since pki,pi('U'o) x pk^^k 2 {'^o) = hfci,pi(wo) x Pp^^k 2 {'^o) does not vanish for Uq G 


S, the rotation R* does not act trivially on p^(ito), whence Property (5.4.2) 


Finally for Property |(5. 4.4) it suffices to show that we can approximate any 
g 
3, 


vector among the generators given in Lemma 5.1 
1 < 


It is clear that for any 


< n 


\im Xi { ut ) = Xe { uQ ). 


t —>^0 


The decomposition of ut, t 7 ^ 0, into prodigal polygons is given by the sequence 


1 = po < P2 < P3 < ■ ■ ■ < Pq = n + 1. 

For any 3 <i < q and for any v G M^, the vector Yp.__^^p.{ut) is tangent to the 
fiber Nt containing Ut and we have 

limY;^ „(ut) = X^ „ (uq). 
t_s.O Pj-I’PR ' Pj-i^pA 
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Figure 4 . Approximation of a polygon with a vanishing diagonal 


For vi = j^kupiiuo) and V2 = /ipi,fc2('“o) we have 

- h5r'“'V.)). 

where in each expression the right-hand side is a limit of well-dehned vectors 
tangent to the hbers Nf Since Uq G S, the vectors Vi and V2 are linearly 
independent and together with 


Vi X V 2 
||ni X V2\ 


they form a basis of Note that 


f /^po,Pi (^i) = where Xi = ^Xk^vi (^0), 

\fip,,P2{ut) = R^X2 - X2 where X2 = /ipi,fc2(^o)- 

Since Xi x Hk,,k2{uo) = ±^ki,pi{uo) x l^piMi^o) = x V2, we have 

R^Xi-Xi 

hm -—:- - = ±^2 

t^o WWxi - Xi\\ 

and thus the normalized bending vector fields associated to and 

Fpi,P2(^i) converge to and respectively. □ 
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Theorem 5.5. Let F be the integrable Hamiltonian system on {A4r,uj) defined 
by a family of disjoint diagonals {di,... ,dn-z)- Let N be a singular fiber of 
F. Then N is isotropic. 


Proof. It suffices to prove the result by induction on the number of vanishing di¬ 
agonals. If no diagonal vanishes, the istropicness follows from Proposition |5.3[ 
If m > 0 diagonal vanish, then we approximate any polygon uq in S <Z N 
by a sequence of polygons with at most m — 1 diagonals using Lemma 5T and 
as in the proof of Proposition 5.3 we show that the symplectic form vanishes 
on T\uo]N. Since S is dense in N the result extends to any Uq E N and then 
the hber N is isotropic. □ 


Let us conclude this section by characterizing the cases where these isotropic 
singular hbers have maximal dimension, and therefore are Lagrangian. 


Corollary 5.6. Let N be a singular fiber of F = {Fi,..., Fns), and 
the manifold consisting of the nondegenerate polygons in N (for generic side 
lengths, = N). Consider the decomposition 

N Ni X ■■■ X Nq 

of N into prodigal fibers. 

Then is a Lagrangian manifold if and only if each Ni is either a space 
of digons, a space of nondegenerate triangles, or a regular fiber of Fi. 


Proof. By Theorem 5.5 


is Lagrangian if and only if it has dimension n- 
Therefore we just have to compute the dimension of 
Recall that Ni is diffeomorphic to 


-3. 


" 5^ if Ni is a space of digons, 

50(3) if Ni is a space of nondegenerate triangles, 

50(3) X jy. jg regular hber of a system on a space of 

polygons with > 4 sides. 


In each of the above cases, the dimension of Ni is equal to the number of sides 
Hi of the polygons in Ni. Therefore, if each Ni corresponds to one of the above 
cases, then the product N has dimension rii + ■ ■ ■ + Uq = n. It follows that 
the quotient N^'^ of the (free) action of 50(3) on the manifold iV“'^ dense and 
open in N has dimension n — 3. 

On the other hand, Ni is diffeomorphic to 

{ 5^ if Ni is a space of degenerate Uj-gons, > 3, 

50(3) X 0 < Pi < rii ii Ni is a singular hber of a 

system on a space of n^-gons 
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In both cases, we have dimiVj < rii. Therefore, if such a component appears 
in the product N, we have dim < n — 3. □ 

6 . Relation to Grassmannians and Gel’fand-Cetlin 

6.1. Prom Grassmannians to polygon spaces. In this subsection, we re¬ 
call the relation described by Hausmann and Knutson m between the Grass- 
mannian manifold of 2 -planes in C” and the family of polygon spaces with n 
sides. 

Fix n > 3 and denote by 14(C"") the manifold of 2-frames in C"", that is the 
set of pairs (z, w) of orthogonal unit vectors in C”, identihed with a subspace 
of n X 2 matrices. The right action of U{2) on 14 (C*^) by matrix multiplication 
corresponds to the orthogonal transformations of C” leaving the plane spanned 
by 2 and w invariant. The quotient manifold 

Gr(2,n) = I4(C")/R(2) 

can then be identihed as the space of 2-planes in C". 

Let El = C © jC be the skew-held of quaternions. The Euclidean space 
will be identihed with the space IM = zM©jM©/cM of imaginary quaternions, 
with inner product induced by the canonical Hermitian structure on El = C^. 
A 3-dimensional polygon (based at the origin) will now be dehned as a vector 
q = (g^,..., q^) G (JEI)” satisfying the closing condition + ■ ■ ■ + = 0. 

Given r = (ri ,... ,rn) G (M>o)”, the space of 3d polygons with side lengths r 
is now dehned as the manifold 

Mr = {qe (/e)" I +... + g- = 0, \\q^\\ = n, ..., llg^ll = r4. 

We will also consider the manifold Ad( 2 ) of polygons q with perimeter \q\ = 
llg^ll + ■ ■ ■ + ||g"'|| equal to 2. Note that, at this point, we haven’t excluded 
improper polygons q, for which some side g* vanishes. We have 

U Ai. = M"';"'" c A((2). 

re(K>o)",|r |=2 

Consider the application 99 : El —)■ JEI dehned by 99 (g) = gig, or equivalently 
99(2 + jw) = i(|zp — + 2zwj). It maps the 3-sphere of radius \/r in El 

onto the 2-sphere of radius r in /El. Observe that, for any z,w G C"', one has 

n 

99 (/ + jV) = i(|| 2 ||^ - ||w;|| V 2{z, w)j). 

£=1 

In particular, if {z,w) G I4(C”'), then the n-tuple 
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defines a polygon in IM, with perimeter 

n n 

|$(2,?n)| = + + = ll^f + = 2- 

e=i e=i 


We thus have dehned a map $ : V 2 (C”) —)■ Ad ( 2 ) which is onto. 

Let Tj be the usual inclusion of El in the space of 2 x 2 complex matrices 
dehned by 


r]{z + jw) 




We dehne actions of U{2) on El on the left and on the right as the pull-backs 
by T] of matrix multiplication (on the left and on the right). For these actions 
we have the relation: for any g G El and P G f7(2), 

(f{q ■ P) = P-^ ■ (p(g) ■ P. 


Note that Trace(?7(g)77(g')*) = 2{q,q')ji hence q 1 —>• P ^ ■ q ■ P belongs to 
the group ^(^(/EI) of orthogonal transformations on IM. It follows that 
$((2,m)P) lies in the orbit of for the diagonal action of ^(^(/EI) 

on (JEI)"’, and thus we obtain a well-dehned map 


$ : Gr(2,n) —^ Ad( 2 ) = M^ 2 )/SO{m). 

Denote by T{/(n) the maximal torus of diagonal matrices in U{n), acting on 
V 2 (C’*) by multiplication. We have the following: 


Proposition 6.1 (Hausmann, Knutson [TTl Theorem 3.6]). The restriction 
^proper ^ —)■ M( 2 ) obovc the spocc of proper polygous is 

smooth a principal Tu(^n)-bundle. 

On can check that the action of Tf/(n) on V 2 (C”) descends to an action on 
Gr(2,?7,). However this action is no longer effective: its center is the subspace 
A ~ of homothetic transformations of Tf/(n)- 

Proposition 6.2 (Hausmann, Knutson [TTl Theorem 3.9]). The restriction 
<|)proper ^ . Gr(2, n) —)■ A 1 ( 2 ) above the space (classes of) proper 

polygons is a smooth principal (Tu(^n)/-bundle. 


Actually, the action of Tf/(n) on Gr(2, n) is Hamiltonian, with momentum 
map ■ Gr(2, n) —)■ M” given by: 




z + 


2 

y\ 

? + 


0 


2 


, . . . , 


2 




= 2 II ’ • • • ’ + iw;" 


t^Tu^y[z,w]) 
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It follows that, for any r E (M>o)"', the application $ maps /^Ty(„) o^^o Air- 
Identifying Gr(2,n) with a (co)adjoint orbit, we obtain a canonical symplectic 
structnre on Gr(2,n) an the above resnlt rephrases as: 

Proposition 6.3 (Nohara, Ueda [T^ Proposition 2.2]). The moduli space 
Air of polygons with side length r in ~ /H is isomorphic to the symplectic 
reduction o/Gr(2,n) hy the Tu(^n)-action at the value |r. 

6.2. Completely integrable systems on Gr(2,n). Let us recall here how 
Nohara and Ueda im defined a family of completely integrable systems on 
Gr(2, n), one for each maximal family of disjoint diagonals in the planar convex 
regular polygon with n sides, that generalizes systems of bending flows on 
Given a subset / of {1,... ,n}, define a subgroup Uj of U{n) as the set of 
matrices A = (ai,j)i<ij<n ^ U{n) such that 

(aij)ije/ e f/(card/) and aij = 6ij for (i, j) ^ I x I. 

To a formal side g* of some polygon q we associate the subgroup 



u,. = Upi = 0 U(l) 0 

V 0 0 In-i 


where Ik denotes the identity matrix of size k x k. The momentum map 
fjqi '■ Gr(2, n) —)■ M of the action of Uqi on Gr(2, n) is dehned by 

lAl^ 4- \ui P 

More generally, to some diagonal d = Yhi&i associate the subgroup 

Ud = Uj. Its momentum map Hua • Gr(2,?7,) —>• A/^u(card/) is given by 



The matrix it>]) has rank two and real eigenvalues, denote by 


Ad,i([2,m]) > \d,2{[z,w]) > 0 


its first two eigenvalues. We will restrict our attention to the second one and 
define the second-eigenvalue fonction xpd = ^d ,2 ■ Gr(2,n) —)■ M. 

Proposition 6.4 (Nohara, Ueda [13 Proposition 4.5]). Let di,... ,dn -3 be a 
maximal family of disjoint diagonals. Then 


, . . . , fjq^i . . . , ^d„,-3,ly ^di,2y • • • ) ^d„-3,2} 

is a family of Poisson commutative functions on Gr(2,n). 
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Of course, this family of 3n — 6 functions is too large to define a completely 
integrable system on the (2n — 4)-dimensional manifold Gr(2,n). Actually, 
each adapted face of a polygon induces a linear dependence of some of these 
functions. Indeed, denote by Vi,V 2 ,v^ the sides of an adapted face, where Vi 
can be either a side g* or one of the chosen diagonals da- There is a simple 
linear dependence between them, say vz = V 1 +V 2 . It follows that x 11^2 is 
a subgroup of fAg and the respective momentum maps of these three groups 
satisfy: 


ht/„3 - 



* 


Comparing the traces between these two matrices gives a linear relation in the 
above family. 

However, getting rid of the redundant information we obtain a completely 
integrable system: 


Proposition 6.5 (Nohara, Ueda [13 Proposition 4.6]). The map 

defines a completely integrable system on Gr(2,n). Its n — 3 first components 
induce via d* : Gr(2,n) —?■ A4(2) the systems of bending flows on Mr associated 
to the diagonals di,... ,dn -3 (up to sign and additive constant). 

More precisely, for any diagonal da = ^ ^ such 

that |r| =2, and for any [z, w] G 4/“^(Iri,..., 

(6.1) = - fa o <h([z,tn]) + ^ri, 

iGloi 

where fai[q]) = ^*11 ® (class of) polygon [q] G Mr to the length 

of its diagonal da ■ 


Let Ir = \{ri,... ,r„_i) G M” ^ be a value of Tg. Suppose r satishes 

(6.2) ri > 0,..., Vn-i > 0 and r„ := 2 - n- rn-i > 0. 

Then \['~^(lf) is exactly <I)“^(A4j.), the preimage by d* of the moduli space of 
polygons with side lengths hxed to r = (ri,..., r„). 

Fix now a value c = (ci, ..., c„_ 3 ) G of 4/^. Then [z,w] lies in 

4/“^(c, If) = 4/^^(c) n 4/“^(lf) if and only if $([ 2 , mj) lies in the hber 


of the system of bending flows on Air, where each c' is an affine transform 
(depending on r) of q that can be explicitly computed from Formula 6.1 It 
follows that 4/“^(c, If) is exactly <I)“^(ff), the preimage by <I> of this hber. 
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Note that when r satishes Condition 6.2, we have 


NcMrC 

Hence each preiniage above can be seen as a preimage by for which we 


have the nice Proposition 6.2 


6.3. Singular fibers of the systems on Gr(2, n). Fix n > 4 and di,..., dn-s 
a choice of disjoint diagonals in an arbitrary planar convex n-gon. Consider 
the associated system 4/ : Gr(2,n) —)■ 

In this subsection, we give some facts that might suggest that the method 
we used in this paper to study the singular hbers of the system of bending 
flows on A4r could be applied as well to the system 4/ on Gr(2,n). 


Singular points. Let us follow the proof of m Lemma 4.7]. Remark that 


hr. 


(7(n) 


= yv',. 


) ) 5 


hence the Hamiltonian vectors helds of the functions 'ifjqi, ..., 'ipqn-i are linearly 
independent and span the T^(„)-orbits. The maps V’di, • • •, V’d „_3 corresponds 
to the unit bending vector helds , ■ ■ ■, Bd „_3 under the identihcation pro¬ 
vided by Proposition |6.3 It follows that if <F([ 2 ,tn]) is a regular point of the 
system on Air (with r = {'ijjqi{[z,w]),... ,'il)qn[[z,w])), then the Hamiltonian 
vector helds associated to 'ipdi, • • •, V'rfn-s [w, z] are linearly independent and 
transverse to the T; 7 („)-hbers. It follows that [z, w] is a regular value of the 
system 4/ on Gr(2, n). This holds even for non generic r since we can work on 
the dense manifold of non lined polygons. 

Gonversely, if *h([2:, n>]) is a singular point of the system on Air, then [z, w] 
is a singular point of the system on Gr(2,n). 


Lifting property. In we chose not to work with the maps F and fi,..., fns 
on Air, but rather with their lifts F, fi,..., fn -3 on Air- It is interesting to 
note that the same can be done with the system 4/. Namely, the functions 
fjq, Xdj : Gr(2,?7,) —)■ M involved in the dehnition of T admit natural lifts 

with explicit expressions. 


Decomposition into simpler fibers. An important step in is to notice that 
it suffices to work with prodigal hbers, because any non-prodigal hber N is 
isomorphic to a product Ni x ■ ■ ■ Nk oi prodigal hbers of “smaller” systems. 
The same holds for a system on Gr(2, n). 

Suppose that the value (c, r) G is such that some = 0. That is 

to say, polygons $( 2 , w) satisfy (up to a cyclic permutation of the indices) 

(6.3) + jw^) -I- ■ ■ ■ -1- A jw^) = 0 
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ioi k < n when (z, w) lies in L = ^ ^(c, r). Set 


Wi = , z^), 'W2 = . . . , z"). 


It is immediate to check that Condition 6.3 implies 


a!i(zi,mi) e C 2 (C^) and 02 ( 22 , 102 ) G V' 2 (C"' ^), 


where Oi, 02 are two positive constants used to normalize: ||aj 2 j|| = ||Q;jiOj|| = 
1. The function xfjqt depends only on z* and Wj, so in particular it depends solely 
on either ( 2 i,iOi) or ( 22 , 102 )- Similarly, let d = a diagonal. If d is 

disjoint from the vanishing diagonal d^, then either J C /i = /„ = {1,..., /c} 
or / C /2 = /^ = {fc +1,..., n} (up to replacing / by its complement which 
geometrically doesn’t change the diagonal d). It follows that / depends only 
on {qi^i G Ij} and the sum 

iGla 

can be expressed using only the components of By Formula 

ipd then depends only on {zj, Wj). 

The map T can then be split into two maps \hi : V 2 (C*’) —>■ and 

^2 : V' 2 (C"'“^) —)■ ]R2n-2fc-4 depends only on {zj,Wj), and 

L = T-^(c,f) ~ Th^(c\r^) X = Li x L2. 


6.1 


Iterating the process, we can restrict the study to products of “prodigal” hbers 
and possible particular sets (typically V 2 (C^) and V 2 (C^), analogous to digons 
and triangles appearing in the case of polygons). 


A similar reduction might be possible when r has some component ri equal 
to zero. Indeed, the set of two frames ( 2 , w) in C"" satisfying 'ipgt = 0 is 
naturally identihed with the set of two frames in the hyperplane {e^ = 0} ~ 
Formula 6T shows that suppressing qi and in the expression of any 
V’d : V" 2 (C") —)■ M, one obtains the expression of some tjjd' : 1^2 (C"""^) —)■ M. The 
hber L = ^“^(c, r) can then be identihed with the hber V of some system T' 
on V 2 (C”'“^) obtained by removing ijjqi and a redundant ijjd- 


Study of “prodigal” fibers. Suppose 

a,b,ce ..., q'^~^,di,dn- 3 } 

are the sides of an adapted face A for the choice of diagonals di,, dns- Let 
L be a singular hber of T such that a nontrivial linear relation 

(6.4) aa + fib + 'yc = 0 
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holds in the polygon $([ 2 , in]) when [z, w] G L. Then we decompose a 2-frame 
(z, w) in L into three smaller 2-frames as we did for prodigal polygons in 
as follows. To a side of A, say a, we associate: 


I \ 




where z°‘,w^ in C"" and «„ > 0 are (uniquely) chosen such that {za,Wa) is a 
2-frame in C"'“, Ua = |/a| + 1. The non-crossing condition on the diagonals 
ensures that for each diagonal (or side) Yhi't) the action of Ui C U{n) on 
V 2 (C") induces naturally an action of Uj C U{na) on V 2 (C"“), with Ui rzU'j rz 
U{\I\). It also guarantees that the system T on V 2 (C"') induces a system 
on V 2 (C"’“) such that the hber L is mapped onto a hber La- More precisel y, L 
is isomorphic to a submanifold of La x Li, x Lc characterized by Relation 6.4 


(similarly to 4.1). The remaining question is then the existence of a result 


similar to Proposition 4.1 


Isotropicness of the fibers. Assuming the singular hbers of the system on 
Gr(2, n) are submanifolds, it is reasonable to expect that a vector tangent 
to a hber can be approximated by vectors on neighboring hbers. More pre¬ 
cisely, a vector X tangent to a hber N = T(c, f) should be approximable by 
a sequence such that Xt is tangent to a hber Nt = T(Ci,fi), where 

Ct — )■ c is chosen such that Nt is “less singular” than N (e.g. it provides 
polygons with a lower number of degenerate faces) and —)■ r is chosen such 
that it dehnes generic positive side lengths Vt for any f > 0. The isotropicness 
would follow by continuity, as in 


6.4. Relation to Gel’fand—Cetlin. Dehne the sequence of inclusions Ki C 
■ ■ ■ C Kn = U{n) where iP* is the group of matrices of the form 

A 0 
0 T 

with A E ll(i), T = diag(.^i,..., .^n-i), 'C15 ■ ■ ■) ■Cn-i G ^( 1 )- The dual of the 
Lie algebra ti of Ki can be identihed with the set of matrices of the form 

A 0 
0 B 

with X an Hermitian i x i matrix, B = diag(0i,..., On-i), 6 * 1 ,..., 6n-i E M. 
Under a similar identihcation, the coadjoint orbit of U{n) through a Hermitian 
matrix A is the set of all Hermitian matrices with same spectrum as A. In 
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> A2 > A3 > ■ ■ ■ > A„_1 > An 




'lx 

'lx 



h2' 


-1 

,,”-1 

hn-l 


'lx 

'lx 



Fi' 

-2 



n-2 

hn-2 



^x 

^x 




h? 

hi 





^x 



mI 


Figure 5. The Gel’fand-Cetlin diagram 

other words, a coadjoint orbit 0(A) is uniquely determined by a n-tuple A = 
(Ai,..., A„) G M of hxed eigenvalues. 

Given a matrix M in some coadjoint orbit 0{X), denote by the upper-left 
submatrix of size k x k of M. The matrix as eigenvalues 

The Gel’fand-Getlin system on 0{X) introduced by Guillemin and Stern¬ 
berg [S] is the one dehned by the functions 1 < i < k < n. It was orginally 
dehned on generic coadjoint orbits, i.e. for A satisfying 

(6.5) Ai > A 2 > ■ ■ ■ > A„, 

but the dehnition can be extended to non-generic orbits as well. The functions 
of the Gel’fand-Getlin system satisfy inequalities summarized in the Gel’fand- 
Getlin diagram (Figure]^. Regular points of this system are the matrices for 
which all the inequalities in the diagram are strict. 

Back to the system on Gr(2, n), consider the caterpillar conhguration where 
all the diagonals emanate from the same vertex, say the origin. That is, the 
family of disjoint diagonals {di ,..., dn- 3 } is dehned hj da = + ■■■ + 

In this case we have a natural inclusion 

Gqi C Gd, C ■ ■ ■ C Gd„_3 C U-gn c U (n) 

where U^gn denotes the subgroup associated to q^~^. This induces 

a similar chain of subalgebras in u(?t.). Proposition 9 of [15] implies that the 
singular hbers of the system are connected, embedded submanifolds. 

Let M be the Hermitian matrix dehned by 


2 


1<2 j<n 
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5 = 5 > 0=---=0 = 0 

I Mr' 0 

^ '7/ ^ -7/ 

/il“^ ^d„_3 

0 

r r '^/ 

Ml V'di 

'1/ 


Figure 6 . The Gel’fand-Cetlin diagram for the caterpillar con¬ 
figuration on Gr(2, n) 


The upper-left submatrix Mk of size k oi M can be obtained as the product 
Mk = \AkAl where 



is the matrix made of the k hrst rows of (z, w). Hence the nonzero eigenvalues 
of Mk are the same as the nonzero eigenvalues of the 2x2 matrix ^A\Ak. Using 
this fact, one obtains 

rrM)=Mm) = \ 

^ = \ = Y.rl i’Az, w) - rr'{M) 

mI{M) = ipd^A^.w) = - Mi{Ai) ii2<k<n-2 

^/rJ(M) =-0,1 (2,-0;), /ri(M) = 0 


and = 0 for i > 2. In other words, the Gel’fand-Getlin system on the 

non-generic orbit 0,..., 0) is isomorphic to the system on Gr(2, n). In 

this case, under the identihcation M = {z,w), the Gel’fand-Getlin diagram 
becomes as in Figure and the inequalities involved are exactly the triangle 
inequalities in the adapted faces for the caterpillar conhguration, as already 
noticed by Hausmann and Knutson. More precisely: 


Theorem 6.6 (Hausmann, Knutson [TTl Theorem 5.2]). The bending flows 
for the caterpillar configuration on Mr are the residual torus action from the 
Gel’fand-Cetlin system on 0(^, |,0,... ,0). 

Fix positive side lengths r = (ri,...,r„) = (r,r„) G and a value 

c = (ci,..., c^-s) G Let N = f~^(c) be the corresponding hber in 
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Figure 7. Diamonds in the graph Fjv 

Mr, and L = \I/“^(c, |f) the corresponding hber in Gr(2,n). To the hber 
N is associated a graph as follows. The vertices are the functions appearing 
in the Gel’fand-Cetlin diagram, and there is an edge between two functions 
if and only if they are constant to the same value on L. This graph has the 
form illustrated in Figure where a dashed edge correspond to the possible 
degeneracy of some adapted face of the polygons in N. The hlled parts are 
common to all such graphs and can be ignored. Remark that 

k 

4 / 7 ^ = 

i=i 

along L, for any i = 1,2 and 1 < k < n — 1 (with the convention cq = ri 
and Cn -2 = Fn). The condition = fi' becomes a condition of the form 
«! + 0^2 = 0^3 with ctj G {ri,..., r„, Ci,..., c^-s} that can be explicitly checked 
(as mentioned above, this condition simply derives from a triangle inequality 
in an adapted face). 

Thus from solely the combinatorics of the graph T^v we can recover the 
geometric description of the hber N. Of particular interest are the “diamonds” 
Di,..., Dn- 3 - The existence of a diamond-shaped cycle Dj in Tat implies that 
the i-th diagonal di vanishes on N, and in this case we know that (at least 
in the generic case) the hber N is geometrically the product of two spaces. 
The correspondence between the combinatorics of those diamonds and the 
geometry of the hbers was hrst established by Miranda and Zung [16] for the 
classical Gel’fand-Cetlin system on U{n). However in their case the diamond¬ 
shaped cycles can have bigger length and can cross each other, if they do then 
the geometry of the hber is more subtle and involves cross-products. 
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